One of the applications of linear programing is to get solutions for fully fuzzy linear system (FFLS) when the near-zero fuzzy number is considered. This usage could be applied to interpret the nature of FFLS solution according to the nature of FFLS solution in the work of Babbar et al. (Soft Comput. 17:1-12, 2012) and Kumar et al. (Advances in Fuzzy Systems 2011:1-8, 2011). This paper shows that the nature of FFLS solutions must not depend upon the nature of linear programming (LP) solutions, because LP is not enough to obtain all the exact solutions for FFLS which contradicts the claims of researchers. Counter examples are provided in order to falsify those claims. Numerically, we confirm that the nature of the possible way of solving FFLS is completely different from that of the linear system. For instance, FFLS may have two unique solutions which contradict the uniqueness that can be obtained through only one unique solution.
Introduction
Linear system of equations is the simplest framework and the most beneficial mathematical model for many problems considered by applied mathematics. In practice, unfortunately, the accurate values of coefficients of these systems are not available and not well defined in many applications. This uncertainty may either be probabilistic or nonprobabilistic in nature. Accordingly, mathematical tools were developed to represent and deal with vagueness and fuzziness. The response is the fuzzy theory, which provides a widely appreciated tool and representation of these uncertain data in many fields.
Zadeh was the pioneer in the field of fuzzy sets and systems in [1, 2] . The application of this theory, in linear system of equations where the elements of the matrix are crisp numbers and the elements of vector are fuzzy numbers, leads to a new system called fuzzy linear system (FLS). On the other hand, it is called fully fuzzy linear system (FFLS), when the all elements are fuzzy numbers. The problem for solving the fuzzy systems is that, we must use methods without using inverse operators, because the extended operation on fuzzy numbers, subtraction and division of fuzzy numbers are not the inverse operations to addition and multiplication, respectively [3, 4] . Buckley and Qu in [5, 6] discussed the theoretical features of the existence of a solution of fuzzy systems, they provided categories of solution for FFLS as the classical solution X C , the vector solution X J , and the marginal solutions X E and X I . Their methods were generalized in [7] to a fuzzy system of equations A 1 x + b 1 = A 2 x + b 2 , where A 1 , A 2 , b 1 , and b 2 are fuzzy matrices of fuzzy numbers.
The first achievable approach of FLS was obtained in [8] , where they proposed a generic model for solving an n × n FLS by employing the embedding approach. The most available study of FFLS was obtained in [9] ; they studied a special case, where all coefficients and parameters are positives. In their study, they declared that there are infinite numbers of scenarios and states that can be constructed from an FFLS. The methods of finding a solution for these scenarios of FFLS create new scenarios of fuzzy system which are based on these actual scenarios of FFLS [10] .
Dehghan and his colleagues in [11] [12] [13] found the solution for FFLS where the coefficient and parameters are positive; their methods were based on the positivity case in the approximate arithmetic operators on LR fuzzy numbers in [14] . Furthermore, scholars in [15] [16] [17] [18] and [19] [20] [21] [22] [23] proposed new methods for solving FFLS in a similar case to Dehghan and his colleagues. In [24] [25] [26] [27] , researchers generalized methods for solving FFLS where the coefficients and the parameters are not only positive, but they also restrict the signs of coefficient or parameters only to positive or negative in one side of FFLS in an attempt to avoid the near-zero triangular fuzzy numbers in both sides of FFLS. In [28] , Kumar et al. obtained an exact and infinite positive solution for positive FFLS; moreover, they employed a similar technique to find a positive solution for negative FFLS in [29] . In [30] , Malkawi et al. proposed new matrix methods for solving a positive FFLS, the necessary and sufficient condition to have a positive solution was discussed, and their methods and results were also capable of solving left-right fuzzy linear system (LR-FLS) and FLS.
In [31] , they found approximate solution for FFLS; the near-zero fuzzy numbers are not included. They proposed a numerical method founded by a fuzzy neural network denoted by FNN. The method was restricted by many constraints. The method can solve only when the system has a unique fuzzy solution and the matrix has to be squares which prevent extension of the method to solve a rectangle matrixÃ. To overcome the shortcomings in previous methods, the researchers relied heavily on linear programming (LP) to propose methods that can consider the near-zero triangular fuzzy numbers in both sides of FFLS in [32, 33] . The authors in the two studies declared that the nature of the solutions of the FFLS depends on the nature of the solutions of the LP, i.e., the possible way of solution for FFLS may not be a single unique solution but infinitely many solutions.
Unfortunately, LP can give answers to the linear system but not in FLS and FFLS. The LP technique cannot obtain all feasible solutions for FLS and FFLS. Kumar and his colleagues illustrated examples of one solution while it has two unique fuzzy solutions or infinite number of solutions as will be illustrated through examples in this paper. Also, they added many restrictions to the systems. These restrictions required many steps and longer time to reach the ultimate solution; moreover, their examples did not exceed fuzzy matrixÃ of size n = 2.
However, all examples in the literature do not exceed fuzzy matrixÃ of size 2 × 3, if the near-zero LR fuzzy number appears in both hand sides for FFLS.
In this paper, we show that the nature of the solutions of the FFLS is completely different from the nature of the solutions of the LP and that it is insufficient to obtain all exact solutions for FFLS, using numerical examples. We employed the results from this survey as examples for LP methods in specific studies in [32, 33] to declare that the consistency or possible solution for FFLS is not similar to the known consistency concept in the linear system. For instance, the FFLS may yield two unique solutions or many infinite solutions despite that it is constructed by only one equation. Also, the number of solutions in non-square FFLS does not depend on the number of equations compared with the number of parameters.
The structure of this paper is organized as follows: in the 'Preliminaries' section, the basic definitions of the fuzzy set theory are provided. In the 'Fully fuzzy linear system' section, we intend to illustrate the concept of FFLS, and hence, a brief summary on solving the FFLS using LP technique is provided. The dissection is contained in the 'Numerical examples' section where the problems in LP technique are pointed out numerically. In this section, many examples are solved by other methods in the literature or directly by an associated system; however, the verifications of numerical examples are provided. Since the verification of the solutions may be obtained also using distance metric function [34] , some examples are verified by distance metric function. We provide the final result without considering the used methods because the aim of this paper is to show the weakness of the LP method to detect all exact feasible solutions, and we want to confirm that the nature of solution for LP which has been gained by optimal solution cannot explain the nature of the solution for FFLS. In the 'Conclusion' section, we conclude the paper.
Preliminaries
In this section, basic definitions and notions of fuzzy set theory are reviewed ( [14, 35, 36] ). Definition 1. Let X be a universal set. Then, we define the fuzzy subsetÃ of X by its membership function μÃ x ð Þ : ℝ→ 0; 1 ½ which assigns to each element x ∈ X a real number μÃ x ð Þ in the interval [0, 1] , where the value μÃ x ð Þ represents the grade of membership of x inÃ.
A fuzzy set A is written asÃ
Definition 2. A fuzzy setÃ in X = ℝ n is convex fuzzy set if
Definition 3. LetÃ be a fuzzy set defined on the set of real numbers ℝ. Ã is called normal fuzzy set if there exists x ∈ ℝ such that μÃ x ð Þ ¼ 1: Definition 4. A fuzzy number is a normal and convex fuzzy set, with its membership function μÃ x ð Þ defined in real line ℝ and piecewise continuous. 
where m, α, β ∈ ℝ and the function L(.) is called a left shape function if the following hold:
Also, the definition of function R(.) which called right shape is similar to that of L(.). It is symbolically written asm ¼ m; α; β ð Þ LR , where m symbolizes the mean value, while α and β are left and right spreads, respectively. We denote the set of LR fuzzy numbers
The sign ofm ¼ m; α; β ð Þ LR is classified as follows: Addition:
Opposite:
Subtraction:
Definition 8. A popular LR fuzzy number is a triangular fuzzy number (abbreviated TFN), where L = R = max(0, 1 − x); consequently, using (1), its membership function is given by
It is symbolically written as a triangular fuzzy numberm ¼ m; α; β ð Þ.
Example 1. The membership function of the near-zero triangular fuzzy numberm ¼ 3; 5; 4 ð Þ( Figure 1) is
0; otherwise:
Note 1. The triangular fuzzy number can be represented in another form; it is derived if we suppose
In this case, it is symbolically written asã
Then, the membership function for this form is
The TFN form ¼ 3; 5; 4 ð Þin Example 1 is written from (a, b, c) as
In this paper, we used triangular fuzzy number (TFN) in the form (m, α, β), and when a method used the other form (a, b, c), the example rewrites in two forms. 
Where
and
Definition 10. A vectorX ¼x 1 ;x 2 ; …;x n ð Þ T is called a fuzzy vector if
Definition 11. LetÃ ¼ã ij À Á andB ¼b ij À Á be two m × n and n × p, respectively. We defineÃ⊗B ¼C ¼c ij À Á which is the m × p matrix, wherẽ
In this paper, ifÃ is the fuzzy matrix written in the form (m, a, β), thenÃ ′ is the symbol in the form (a, b, c). For determining the distance between two fuzzy vectors, the metric proposed in [37] for triangular fuzzy number is used.
Ifã ¼ a; α; β ð Þandb ¼ b; γ; η ð Þare two triangular fuzzy numbers, then Ming et al. in [37] introduced the distance function
For two LR fuzzy vectorsX ¼x 1 ;
Fully fuzzy linear system A brief summary on solving of fully fuzzy linear system using LP technique is provided in this section. Definition 12.
(Fully fuzzy linear system) Consider the n × n linear system, a 11x1 þã 12x2 þ ::::::: þã 1nx ¼b 1 a 21x þ a 22x2 þ :::::::: þã 2nxn ¼b 2 ⋮ ⋮ a n1x1 þã n2x2 þ ::::::: þã nnxn ¼x n :
where
This system is called a fully fuzzy linear system (FFLS).
The matrixÃ ¼ã ij À Á n i;j¼1
and the vectorB ¼b j À Á n j¼1 may be represented as
A⊗X ¼B ð12Þ
The vectorX
Otherwise, it is called non-fuzzy solution.
Linear programming (LP) of solving FFLS, pioneered by Dehghan et al. in [12] , is used to solve non-square FFLS for positive coefficients and parameters where the FFLS is not square, or where the size system is n ≥ 5.
In the prior studies, LP technique was employed heavily to solve unrestricted FFLS, where at least one coefficient or parameter is near the zero TFN, because in LP we can add constraints for the system when the proposed method got certain limitations [12, 32, 33, 38] .
Kumar et al. in [33] utilized LP to solve FFLS where the coefficients or parameters are unrestricted in positivity, while Babbar et al. in [32] introduced some methods in order to obtain the solution for some states of FFLS, and they used LP to solve the unrestricted parameters, where the coefficients are positive; the LP technique is similar to Kumar et al.'s in [33] .
In both studies, the authors use LP to interpret the nature of FFLS solutions; the possible solution for FFLS may be no solution, unique, or many infinite solutions. To invalidate that, we take some of the numerical example in these studies and resolve it by original associated linear system for FFLS, and then we find further exact solutions.
Remark 2. The natures of the solutions of the FFLS depend on the nature of the solutions of the LP, i.e., the possible way of solution for FFLS may be no solution or unique, or infinitely many solutions [32, 33] .
Because the methods depend on LP, with added further constraints of subject in order to get optimal solution, this leads to more limitations in the final solution. These algorithms find an optimal solution that is an exact solution where the objective function goes to zero. In the following examples, we will show that optimal solution is not necessarily a unique solution like in the linear system, because some or infinite solutions may be omitted and they do not appear in these algorithms.
Moreover, to the best of the researchers' knowledge, all examples which consist nearzero TFN (unrestricted FFLS) in the literature are limited by size to n = 2, but in this paper, we provide two examples of size n = 3.
Numerical examples
In order to show the insufficiency in LP in solving FFLS, some examples in this section are discussed. We used the LP technique in Babbar et al. in [32] to obtain the algorithm for solving a 1 × 1 FFLS. We find only one solution obtained by the LP technique, while the FFLS has many infinite solutions which is contrary to Remark 2.
Assuming 1 × 1 FFLS,
where (m 1, 1
) is a non-negative triangular fuzzy number andx 1 
Þis an arbitrary triangular fuzzy number.
According to algorithms in [32] , to obtain the solution for the following FFLS, we have to minimize the Z,
and subject to
Then, the solution is obtained as follows:
The system meets the necessary and sufficient conditions for possibility of a feasible fuzzy solution, when it satisfies
In order to show the limitations in LP method, the algorithm is applied in the following numerical examples.
Example 3. Consider the following 1 × 1 FFLS, (written in the form (m, a, β)),
Solution Clearly, the (5, 5, 12) is a non-negative LR fuzzy number. According to [32] , we can apply their method to solve the system with no restrictions on the solution. Now, let
Then, minimization of problem in (14) is
The subject in (15) is
On solving the above LP, the following solution is obtained:
Also, the objective function in (14) is zero since
Similarly, in (17) , the right-hand side is zero,
Hence, the system has feasible fuzzy solution, using (16) and (20) 
Then the solution of FFLS in (18) becomes
However, the following general form solution confirms that the system has many infinite solutions which are not detected using previous algorithm by LP,
where ω ∈ [0, 2].
Thus, the solutionX k obtained by the algorithm in [32] using LP is a particular solution only where ω = 0, in (24) .
The following are some solutions using (24),
It is clear that the system has infinitely many feasible fuzzy solutions, which is contrary to the nature of possible way solution for the linear system, where every linear system in order 1 × 1 must have a unique solution.
On the other hand, the following Example 4 gives us a different result from Example 3, because it is non-square FFLS, where the number of equations is more than the parameters, and the system has a unique solution.
Example 4. Consider the following 2 × 1 FFLS (written in the form (m, α, β)):
Solution
The FFLS may be written in matrix formÃ⊗X ¼B; The system has a unique solution,
Verification for the solution:
3; 1; 1 ð Þ⊗ 0; 6; 3 ð Þ¼ 0; 24; 12 ð Þ ;
2; 1; 0 ð Þ⊗ 0; 6; 3 ð Þ¼ 0; 12; 6 ð Þ:
The following non-square FFLS has many infinite solutions where the number of equations is less than the number of parameters, the result contrary to the result in Example 4.
Example 
According to Kumar et al. in [33] , the system has one solution, since LP technique produces one optimal solution; for that the fuzzy vector,X k ′ is provided as a particular solution:
By solving the associated linear system, we provide the general form solution, which cannot be obtained by LP, and then some particular solutions are produced:
where δ ∈ −1; − 1 8
Â Ã
Thus, the solutionX k ′ obtained by the algorithm in Kumar et al. [33] using LP is a particular solution only where δ = − 1, in (27) .
Some particular solutions: 
Verification for the solution: 
Non-fuzzy solution 
AlthoughX e ′ satisfies the system,
But it is not a feasible solution, because b 3 x ≰ c 3 x , thenX k ′ is not a fuzzy vector. Now, the examples are converted to the form in this paper (m, α, β), 
The produced solution in [32] 
The general form solution is
The particular solutions arẽ
The non-fuzzy solution is The case of no solution is considered by the following example even when the system has one equation with one parameter, contrary to Example 3 and Example 7.
Example 6. Consider the following 1 × 1 FFLS (written in the form (m, α, β)).
Þis an arbitrary TFN.
Solution
The exact solution of the system is a non-fuzzy solution because the right spread α 1,1
x is non-positive.
The solutionx 1 satisfies the system, but it is not TFN, so it is not considered as a feasible solution Remark 4. The existence of feasible solution for FFLS is determined by condition of TFN regardless of the existence of the associated system for FFLS.
In light of the previous results, we can declare that the possible ways of solution (unique solutions, infinite solutions, no solution) in FFLS are not determined by the number of equations compared with the number of parameters, or if the FFLS is square or non-square, all possible ways may happen regardless of the number of equations and parameters.
The following examples of FFLS in size n = 1 which is similar with the essential concept of linear system, where the number of equation is equal to the number of parameters, and they have a unique feasible solution.
Example 7. Consider the following 1 × 1 FFLS, written in the form (m, α, β),
The FFLS has only one solution,
The following example is an FFLS and has also a unique solution, similar to Example 7, where the size of the coefficient matrix is n = 3. Example 8. Consider the following 3 × 3 FFLS (written in the form (m, α, β)).
3 are arbitrary triangular fuzzy numbers.
The system may be written in matrix formÃ⊗X ¼B; 
The system has a unique feasible solution:
In the rest of this paper, we will show new facts of the nature of the FFLS solution, which is the unique case that may be assigned two different feasible solutions on the contrary case of uniqueness in the linear system. For that, the LP does not interpret the uniqueness of the FFLS case.
To support that, we take an example from Kumar et al. in [33] and obtain further different feasible solutions, while in the proposed method, only one solution is assigned. The triangular fuzzy number in [33] is formed in (a, b, c), so Example 9 and Example 10 are rewritten in both forms. The solution in Kumar et al. [33] is unique and is as follows:
While the solution,X g ′ represents further solution which cannot be determined through the LP method. Because we follow the (m, α, β) form for TFN in this paper, the example is converted to this form. 
Another solution is
We find that both fuzzy solutions satisfy the system,
Also, we can support the satisfaction of solution by the metric function because
The solutionX k is considered as identical to solutionX k ′ .
Hence, the FFLS may have unique solutions. In order to enhance that, an example of FFLS in size n = 3 is illustrated with two unique solutions. 
The FFLS may be written in matrix formÃ ⊗X ¼B, 
The FFLS has two unique solutionsX 1 ;X 2 as follows: 
Another alternative solution is
Then, the two fuzzy solutions satisfy the system
Also, we can support satisfying the solution by distance function because
Now, we will transfer the example to form (a, b, c) in [33] , Remark 5. The nature of uniqueness in FFLS can be determined by one solution and more, but not infinite number of solutions which is contrary to the essential concept of uniqueness on the linear system that states the determination of only one solution.
Conclusion
The nature of FFLS solution is numerically examined and revealed to be completely different from the linear programing nature of solution because the possible ways of the former solution are different from the possible ways of the linear system (no solution, unique solutions, many infinite solutions). In FFLS, the uniqueness does not happen even in the order of system 1 × 1. Moreover, it has been revealed that uniqueness may happen through more than one solution. The possible ways of solution do not depend upon the number of parameters compared with the number of equations, and the three former possibilities may happen even when they are equal or the number of parameters is greater or less than the number of equations.
The nature of non-fuzzy solution which is equivalent to no solution in the known possible ways of solution is recommended to be considered in the future work, and unlike the result in this paper, the LP and non-linear program (NLP) will be shown to be very effective and sufficient with no exact fuzzy solution, as only one unique approximate solution is needed in order to represent the nearest solution for FFLS; the smallest objective function is considered to be the most optimal solution.
